Robustness of biological systems is crucial for their survival, however, for many systems its origin is an open question. Here we analyze one sub-cellular level system, the microtubule cytoskeleton. Microtubules self-organize into a network, along which cellular components are delivered to their biologically relevant locations. While individual microtubule are highly dynamic with their dynamics depends on the organism environment and genetics, network sensitivity to this dynamics would result in pathologies. Combining mathematical modelling with genetic manipulations in Drosophila, we show that the microtubule self-organization indeed does not depend on dynamics of individual microtubules, and thus is robust on the tissue level. We demonstrate the origin of this robustness via a mathematical model, suggesting this being a generic mechanism.
I. INTRODUCTION
The correct positioning of intracellular components such as proteins and organelles is critical for correct cellular function [1, 2] . These components are transported to their biologically relevant locations by motor proteins moving along the cytoskeleton [3] [4] [5] . Therefore, the direction of cytoskeleton filaments guides the direction and e ciency of intracellular transport. One common type of cytoskeleton used for transport is microtubules [3] . These are highly dynamic unstable polymers which switch between periods of growth and shrinkage. During the growth phase, GTP-tubulin dimers are added to the microtubule plus-end forming a GTP-cap. GTP-tubulin stochastically hydrolizes into GDP-tubulin, and the loss of the GTP-cap results in a catastrophe: a switch to depolymerization [6] . Microtubule dynamical properties are influenced by a wide range of both internal and external factors. For example, the dynamics and number of individual microtubules in a cell depend on the expression of particular plus-and minus-end binding proteins [7] ; interaction between microtubules is a↵ected by the presence of cross-linking and motor proteins [8] ; and the stability of the microtubule network is a↵ected by external factors, e.g. temperature, which changes microtubule rigidity [9] .
Animal cells take multiple shapes and forms depending on their function, ranging from neuronal cells with meter-long projections, to epithelial cells, to migrating ameboidal leukocytes. Therefore, it is not surprising that microtubule systems similarly acquire a multitude of organizations. In undi↵erentiated cells, microtubules form a radial array with minus-ends at a microtubule organizing centre at a centrosome. Upon cell di↵erentiation, microtubules are reorganized into non-centrosomal arrays ⇤ n.bulgakova@she eld.ac.uk † lyuba.chumakova@ed.ac.uk of varying geometry, ranging from unidirectional bundles (e.g. axons), to bidirectional microtubule systems (e.g. subapical microtubules or microtubules in dendrites) [10] . The microtubule self-organization in unidirectional or radial microtubule systems has been extensively studied, for example, [8, [11] [12] [13] . Directionality and alignment of these networks depend on several interconnected factors. These include the localization of microtubule minus-ends, which could be all concentrated at a single location (microtubule organizing centre), distributed uniformly at the cell surface, or targeted to specific locations, for example to the sites of cell-cell contacts [10] . Other factors are the geometrical constrains of a cell, for example microtubules can grow only in specific directions in a long and thin axon or dendrite, and the presence of cross-linking and motor proteins. Bidirectional microtubule networks have an additional level of complexity, as several other factors independently contribute to their organization: the dynamics of individual microtubules, their interaction, and the often non-trivial distribution of minus-ends.
In this paper we explore the self-organization of bidirectional microtubule networks, which we define as the degree of alignment of individual microtubule filaments with each other. Such networks are particularly common in di↵erentiated epithelial cells, which form one of the four fundamental tissue types found in all animals [10, [14] [15] [16] . These networks are constrained in space forming a quasi-2d system, which enable modelling it using a 2d mathematical model [17] . In these cells microtubules form a dense mesh just under the apical surface, and are seeded from sites of cell-cell adhesion at the cell periphery [18] . Note, here we only consider mixedorientation microtubules within the apical plane, and not unidirectional apical-basal microtubules. A systematic analysis of microtubule self-organization dependence on each parameter is prohibitive in vivo, since the number of combinations of individual dependencies is extremely large and goes beyond the microtubule network itself. In addition, altering the microtubule network has profound consequences on processes relying on them, and thus, on cellular functions. We therefore analyze this system via mathematical modelling, and validate the model predictions in vivo when possible.
Various modelling approaches have been used for describing microtubule self-organization. However, many of them are specific to a particular tissue. In plants, it was shown that microtubule zipping strongly a↵ects their self-organization [19] ; and that tension can have a non-negligible e↵ect on stabilizing microtubules [20] . In larger cells such as Drosophila oocytes, microtubule nucleation at the cortex was shown to be important [21] . Models that include the hydrodynamic e↵ect of the cytoplasm and molecular motors' e↵ect on microtubule selforganization are summarized in [22, 23] . Our published stochastic model successfully recapitulates the organization of microtubule networks in various epithelial cells [17] . It is a minimal in silico 2d-model, where the microtubules are seeded on the cell periphery, grow stochastically to capture the dynamic instability (as in [24] ), and follow geometric interaction rules.
Here, we use this stochastic model for simulations exploring the large parameter space of microtubule dynamics parameterizations, discovering that microtubule selforganization is robust. We confirm the robustness in vivo using genetic manipulations of the epithelial cells in the model organism Drosophila. Finally, we build a minimal probabilistic model that reveals that the reason for robustness is the separation of time-scales of microtubule dynamics. This model shows that the details of microtubule dynamic instability are irrelevant for microtubule self-organization within their biologically relevant ranges, and that the only biological quality beyond cell shape that a↵ects microtubule alignment is the minus-end distribution. Our minimal model accurately predicts the experimental results given the experimental data. Therefore, we demonstrate extreme robustness of bidirectional quasi-2d microtubule self-organization, which can be explained by simple mathematical rules. This suggests a general applicability of our findings to bidirectional microtubule networks, and provides a foundation for future studies.
II. RESULTS

A geometric model accurately predicts in vivo microtubule alignment
Cells of the Drosophila epidermis elongate during stages 12-15 of embryonic development, changing their eccentricity from 0.7 to 0.98 ( Fig. 1A and [17] ). As cells elongate, initially randomly oriented microtubules become gradually aligned [17] . The simplest thought experiment to visualize how cell elongation translates into microtubule alignment is the following. Imagine a "hairy" unit-circle on the (x, y) plane, where "hairs" are microtubules. Turn it inside out (Fig. 1B) . The micro- (B) Stretching a circular cell by a factor b > 1 deforms the initially uniform microtubule angle distribution into the hairyball distribution, Eq.1. (C) The experimental microtubule angle distribution (green) and the hairyball (dashed black) are in good agreement up to eccentricity 0.95. For each eccentricity, the displayed experimental distribution is the mean distribution averaged across cells with the set eccentricity (±0.025 for ecc = 0.7 0.95 and ±0.005 for ecc = 0.98), and is produced as described in Appendix A. The number of cells per eccentricity ranged from 348 to 2748.
tubules are randomly pointing inside the ball, representing absence of microtubule alignment in non-elongated cells; at each microtubule minus-end on the cell boundary, the mean microtubule direction is normal to the cell boundary. Stretching this cell uniformly in the ydirection by a factor b results in an ellipse with eccentricity e(b) = p 1 b 2 . The minus-end position will move proportionally to deformation, whereas the filament direction will point towards the cell center and its length will remain unaltered. Mathematically, the distribution ⇢(✓) of microtubule angles ✓ 2 [0, 180] changes from the uniform ⇢(✓) = 1/180 to the angle distribution we call hairyball distribution, ⇢ HB ( ), which is the inverse Jacobian of the stretching mapping F : ✓ ! , where ✓, 2 [0, 180], given by tan( (✓)) = b tan(✓)
where M = 180/b is the normalization constant. This result gives a surprisingly good agreement with the experiment ( Fig. 1C ), especially considering that this model does not take into account the underlying biological processes, e.g. microtubule dynamics. Therefore, while a detailed mathematical model is required to understand how various biological processes control microtubule alignment, the hairyball angle distribution Eq.1 provides a valuable shortcut for the analysis of biological data and parameterizations of microtubule angle distribution.
Stochastic simulations demonstrate robustness of microtubule self-organization for a wide range of parameter values
We now explore in silico how the microtubule selforganization depends on the parameterization of individual microtubule dynamics and their interactions. To this end we use the same model set-up as previously published [17] , as this stochastic model recapitulated microtubule self-organization observed in vivo across all range of cell eccentricities. To focus the study on the role of microtubule dynamic instability and interactions and reduce the number of free parameters, we kept the density of the microtubule minus-ends on the cell boundary uniform. The simulations were run on fixed cells, since in vivo the cell shape evolve on the longer time-scale (hours), comparing to the time required for the microtubule network statistics to stabilize (several minutes) [17] . We chose the cell shape to be ellipses since we demonstrate below that the averaged experimental cell shape is an ellipse. Finally, the eccentricity range in the simulations 0.7-0.98 mimicked the experimental one.
To capture the dynamic instability, we model microtubules as follows ( Fig. 2A ). Since the microtubule width (24 nm) is much smaller than the typical cell size (2-10 µm) [14] , we model microtubules as 1d filaments. They are composed of equal length segments, representing microtubule dimers, whose dynamics is governed by a continuous time Markov chain ( Fig. 2A , [17, 24] ). The microtubule grows (polymerizes) at the rate ↵, and shrinks (depolymerizes) at the rate > ↵; it switches from the polymerizing to depolymerizing state at the catastrophe rate 0 ; and undergoes the reverse switch at the rescue rate ↵ 0 . These rates apart from depend on the concentration of free tubulin dimers in cytoplasm [25] , which is reported to vary between 30-75% of the total tubulin in cells in vivo [26] [27] [28] . However, after the microtubule network stabilizes, the total amount of tubulin in microtubules, and therefore in the cytoplasm, remains approximately constant, leading to approximately constant dynamic instability rates. Since we investigate the statistics of the microtubule network in steady state, we use constant microtubule dynamic instability rates throughout the simulation and set the same rescue rate for a completely depolymerized microtubule as for any nonzero length microtubule. We also exclude the initial period of the simulation from the statistical analysis, until the network reaches steady state (see Appendix C).To account for potentially di↵erent microtubule network organizations due to the initial tubulin concentration, we investigate a broad range of parameters. As discussed below, we find that the microtubule angle distribution of the stabilized microtubule network does not sensitively depend on the parameters of the dynamic instability.
We parameterize the angle-dependent microtubule interaction with other microtubules and cell boundaries based on the known interactions in plants [19] and Drosophila cells ( Fig. 2B , [17, 29] ) using two parameters: the critical angle ✓ c and the probability of catastrophe p cat . Upon encountering another microtubule at an angle ✓, if ✓ ✓ c , the growing microtubule undergoes a catastrophe with probability p cat or crosses the microtubule otherwise. If ✓  ✓ c , it collapses with probability p(✓) = ✓ ✓c p cat , crosses with probability p(✓) = ✓ ✓c (1 p cat ), and otherwise bends to change its direction and continues to grow parallel to the existing microtubule (the microtubule is said to zip). Upon reaching the cell boundary at an angle ✓  ✓ c , the microtubule zips along it with probability p(✓) = 1 ✓ ✓c , and depolymerizes otherwise [17] . This setup allows us to investigate a broad range of biologically relevant microtubule dynamics scenarios: in an organism, the dynamic instability parameters (↵, ,↵ 0 , 0 ) are linked to the expression of plus-and minus-end binding proteins and severing factors, while the interaction parameters ✓ c and p cat are linked to the presence of crosslinking and motor proteins and temperature-dependent microtubule rigidity [9] . Here we link the model parameters to their dimensional equivalents. The typical observed microtubule growth speed is 0.15 µm/sec [17] . Expressing it as ↵ ⇥ d ⇥ R, where ↵ = 1000 is the nondimensional base growth rate, d = 8.2 nm is the height of one dimer, and R is the dimensionality coe cient, we find R to be 0.0183 sec 1 . Therefore, the dimensional rates are: the microtubule growth speed ↵ dim,speed = 0.15 µm/sec; shrinking speed dim,speed = 0.52 µm/sec; rescue rate ↵ 0 dim = 0.07316 sec 1 ; and catastrophe rate 0 dim = 0.01829 sec 1 .
We varied the parameters (↵, , ↵ 0 , 0 ) independently, each from 0.5 to 1.5 times the base-line value (↵, , ↵ 0 , 0 ) = (1000, 3500, 4, 1). We therefore tested the range of dimensional parameters: the microtubule growth speed ↵ dim,speed = 0.075 0.225 µm/sec; shrinking speed dim,speed = 0.26 0.78 µm/sec; rescue rate ↵ 0 dim = 0.0366 0.1097 sec 1 ; and catastrophe rate 0 dim = 0.0091 0.0274 sec 1 . We were representing sample points in the biologically relevant range, since in vivo the parameters of microtubule dynamics widely depend on the cell type, with the reported ranges of growth being 0.05 0.5 µm/sec; shrinking 0.13 0.6 µm/sec; rescue 0.01 0.17 sec 1 ; and catastrophe 0.003 0.08 sec 1 [14, 30, 31] .
The simulations ( Fig. 2B) gave an unexpected result, that in this large parameter range, the microtubule angle distribution varied only slightly, suggesting that in this model the microtubule self-organization is robust and does not depend on the details of dynamical instability and microtubule interaction parameterization. This suggests that the in vivo system could be similarly robust with respect to variations in internal and external environment.
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In vivo manipulations of microtubule dynamics and stability alter microtubule density but not alignment To test in vivo the robustness of microtubule selforganization predicted by the model, we examined how changes in microtubule dynamics and stability a↵ect organization of subapical microtubules in cells of the Drosophila embryonic epidermis, where microtubules are constrained to the thin 1 µm apical layer of the cell and grow in the plane of the adhesion belt [17] . Using genetic manipulations we could either increase the catastrophe rate 0 , simultaneously increase the catastrophe rate 0 and shrinkage rate , or reduce the number of minusends, therefore reducing density of the network and thus encounters and zipping between microtubules. In particular, we increased 0 by overexpressing a dominantnegative variant of End Binding protein 1 (EB1-DN), a form which increases the number of catastrophes without changing other parameters of microtubule dynamics [14, 30] ; or increased both 0 and by overexpressing the protein Spastin, which severs and disassembles microtubules [14, 32, 33] . These proteins were overexpressed using the UAS-Gal4 system, in which the Gal4 protein expressed from a tissue-specific promoter induces overexpression of the protein of interest by binding the Upstream Activating Sequence (UAS) [34] . Specifically, we used engrailed::Gal4, which drives expression in stripes along the dorso-ventral axis of embryos, which correspond to posterior halves of each segment ( (Fig. 3A) ). In this instance we avoided abolishing all microtubules by using mild Spastin overexpression ( Fig. 3B ). Overexpression of a CD8-Cherry protein, which does not alter microtubules, was used as a control. Finally, we reduced the number of minus-ends using null mutation of the minus-end capping protein Patronin [35] , one of the best characterized proteins that protects microtubule minus-ends [36] . Some Patronin protein is present even in homozygous mutant embryos due to maternal contribution, therefore subapical microtubules are reduced but not abolished as shown below.
We quantified how the above manipulations altered organization of the microtubule network in cells by obtaining images of microtubules stained with an antibody recognizing ↵-Tubulin, and analyzing them on a cell-bycell basis. From these images we obtained two types of information about microtubule organization, namely about density and alignment of the network (see Appendix F).First, we determined how the manipulations altered the amount of microtubules in cells, by quantifying the percent of the cell area covered by ↵-Tubulin signal as a proxy for the number of microtubules in cells. Second, we determined if the genetic manipulations altered the microtubule alignment. To do this we determined the direction and magnitude of change of the ↵- Tubulin signal at each position within the cell (see Appendix G and [17] ), and produced the microtubule direction distributions. Amounts of protein expressed using UAS-Gal4 system increases with developmental time, whereas when using mutant embryos, amounts of protein supplied from mothers in eggs, the maternal contribution, decreases with time as they cannot produce their own protein. Therefore, we focused on the late developmental stage of Drosophila embryo development (stage 15). The overexpression of both Spastin and EB1-DN reduced the area of ↵-Tubulin signal in cells (p-values p < 0.0001 and p = 0.003, respectively, Fig. 3B-C) , consistent with their functions. Similarly, the area of ↵-Tubulin signal was reduced in heterozygous Patronin +/embryos in comparison to wild-type controls (p-value p = 0.02, Fig. 3A-B) , and even further reduced in homozygous Patronin -/embryos (p-values p = 0.0003 and p = 0.002 in comparison to wild-type control and heterozygous siblings, respectively, Fig. 3B-C) . This result is consistent with the dose-dependent protection of the microtubule minus-ends by Patronin. Despite these large changes in microtubule density, the microtubule angle distributions did not significantly di↵er between all genotypes and relatively to controls in this case (Fig. 3D) , which supports robustness of microtubule self-organization despite di↵erent microtubule dynamics and amount.
To capture a wide range of eccentricities we used the embryos at di↵erent stages of development when the epidermal cells progressively elongate from eccentricities around 0.7 to 0.98 (stages 12 through 15). To this end we used paired::Gal4 to overexpress Spastin, EB1-DN, and CD8-Cherry, which although leads to milder overexpression than engrailed::Gal4, is expressed in broader stripes along the dorso-ventral axis of embryos. Overexpression of Spastin reduced ↵-Tubulin signal area in comparison to both neighboring cells, which did not express paired::Gal4, and control cells expressing CD8-Cherry (both p-values p < 0.0001, Figure blue S1A-B) . Similarly, the ↵-Tubulin signal area was reduced in embryos homozygous for Patronin -/in comparison to heterozygous siblings (p-value, p = 0.04, Figure blue S1A-B) . We suggest that no di↵erence between heterozygous Patronin +/and wild type control observed here, might be due to broader developmental time, which makes more di cult to detect changes. Overexpression of EB1-DN did not change the area covered by the ↵-Tubulin signal per cell (p-value, p = 0.98, Figure blue S1A-B ). This can be explained by either weaker expression of paired::Gal4 in comparison to engrailed::Gal4, or lower amounts of Gal4 at earlier developmental stages [14] . The microtubule angle distributions for each eccentricity (binned at a particular eccentricity ± 0.025) did not significantly di↵er between all genotypes and relatively to controls (Figure blue S1C). Although only two of the above manipulations a↵ected microtubule density, these results further support that microtubule self-organization is indeed robust in vivo. 4. An analytical model shows that microtubule self-organization depends on the cell geometry and minus-end distribution
Given that the microtubule angle distribution in silico and in vivo only weakly depends on microtubule interactions, we propose a minimal mathematical model with non-interacting microtubules, which is analytically tractable. Here, independent microtubules cross upon reaching another one, and fully depolymerize upon reaching a cell boundary. Their averaged behavior is the average of 1d behaviors of individual microtubules growing from di↵erent positions on the cell boundary.
Our model setup is as follows (Fig. 4A ). Consider a convex 2d cell with the boundary parameterized by the arclength-coordinate ⇣ increasing in a counter-clockwise direction. From microtubule minus-ends distributed with density ⇢(⇣) on the cell boundary, the microtubules grow into the cell interior at an angle ✓ to the cell boundary, making the angle with respect to the horizontal. Note that the cell shape is fully determined by the function a(⇣, ✓) -the length of a cross-section that starts at ⇣ at an angle ✓ with respect to the boundary. When a(⇣, ✓) is considered as a function of (⇣, ), we denote it byã(⇣, ) to avoid confusion. Microtubules undergo dynamic instability by switching between the states of growth, shrinking, catastrophe and rescue at the rates ↵, , 0 , and ↵ 0 respectively. After fully depolymerizing, they regenerate at the rate ↵ 0 from the same minus-end but in a new direction at an angle ✓ taken from a uniform distribution on [0, 180]. Thus, on a large fixed time interval t 2 [0, T ] a microtubule undergoes a large number N of growth and shrinkage lifetimes separated by periods of average duration 1/↵ 0 when it has zero length.
The first quantity of interest is the microtubule mean survival time. Since in the in vivo and in silico the micro-tubule angle distribution is length-weighted, we include the general case of weighting the mean survival time by a function (x) of microtubule length x. Then the mean survival times f (x) and g(x) of polymerizing and depolymerizing microtubules of length x satisfy
where the terms on the right-hand side are the contributions from growing (and shrinking in the g case), switching, and the time increment weighted by (x), which we specify below. Here dt is a small time-increment. Expanding Eq.2-3 in Taylor series and neglecting terms of the second and higher order in dt, we obtain that f (x) and g(x) are governed by
where p = 0 ↵ ↵ 0 and q = 1 ↵ + 1 . We assume that g(a) = 0, i.e. once the microtubule reaches the cell boundary at the length a(⇣, ✓), it quickly depolymerizes. Finally, for a zero-length microtubule g(0) = 0, and hence h(0) = f (0). Note that the only quantity of interest is f (0) = h(0), since it is the lifetime of a microtubule when it starts in a growing state with zero length. The two choices (x) = 1 and (x) = x give the solutions for the notweighted and the length-weighted mean survival times, denoted f nw (x) and f w (x) respectively f nw (0) = q p (1 e pa ), f w (0) = q p 2 1 e pa (1 + pa) .
For each microtubule minus-end location ⇣, the average time between any two re-growths of a microtubule is the sum of the averaged waiting time 1/↵ 0 and the average of the non-weighted lifetime over all the growth angles ✓
Then the average number of lifetimes with direction ( , + ) with respect to the horizontal is N /⇡, and their contributions to the length-integral is f w (0)N /⇡ = (f w (0)/T ave )T /⇡ . Integrating it over the cell boundary weighted by the density of minus-ends ⇢ m (⇣) and using Eq.8, we obtain the length-weighted microtubule angle distribution
where M is the normalization constant. The cell crosssection is denoted by either a(⇣, ✓) orã(⇣, ) depending on its arguments. This analytical prediction matches the stochastic simulations (Fig. 4B) .
The dependency of the resulting microtubule angle distribution on the biological rates reduces to two parameters
If both are small, |p| ⌧ 1 and ↵ 0 ⇡ ⇣ 1 ↵ + 1 ⌘ ⌧ 1, as is always observed in biological systems (see above), the microtubule angle distribution formula can be significantly simplified. In particular, for small p the distribution Eq.9 reduces to
to leading order, and to
when, in addition, q↵ 0 ⇡ ⌧ 1/ R ⇡ 0 a(⇣, ✓)d⇣. This becomes exact in the limit of deterministic microtubules ( = 1, 0 = 0). Note that while p is required to be non-negative in models of microtubules on an infinite line [24] , our setup does not have this restriction, as the microtubule lifetimes f w (0) and f nw (0) are positive even for negative p. Furthermore, the analytical microtubule angle distribution Eq.9 is independent of the multiplicative change in the minus-end density ⇢ m (⇣), which would be absorbed into the normalization constant M . Only non-trivial changes to the density of minus-ends that vary along the cell boundary a↵ect the microtubule angle distribution.
It is required that ↵ 0 ⌧ ↵ and ↵ 0 ⌧ for the second parameter in Eq.10 to be small, and 0 ⌧ ↵ for the first one to be small as well. Therefore, the microtubule angle distribution depends only on the cell geometry and the minus-end distribution, and the underlying reason for that is the separation of time-scales in microtubule dynamics: the rates of polymerization and depolymerization are much higher than those of catastrophe and rescue, which is always observed in vivo.
The analytical model accurately predicts microtubule-self organization using experimental cell shape data and distribution of microtubule minus-ends
In order to validate the e cacy of our analytical model in prediction of microtubule organization, we first determined the localization of microtubule minus-ends. Since Patronin localizes at the microtubule minus-ends, we analyzed its distribution in epithelial cells in the Drosophila embryonic epidermis using Patronin-YFP [35] . As expected, Patronin-YFP is mostly localized at the cell boundaries with few speckles inside cells (Fig. 5A) . We quantified the distribution of Patronin-YFP at the cell boundaries by measuring its asymmetry, namely the ratio of Patronin-YFP average intensity at dorso-ventral . Borders were binned at 10 o intervals relatively to embryonic anterior-posterior axis, and intensity was averaged for each bin (mean ± SD). The solid line represents the exponential fit for the intensity as I( ) = 1 + (B(0.98) 1)(1 e C 2 (90 ) )/(1 e 90C 2 ), C2 = 0.0231.
borders to that of anterior-posterior borders (see Appenxis H, [37] , and Fig. 5B ). The asymmetry of Patronin distribution B(ecc) was a linear function of the cell eccentricity ( Fig. 5C ), suggesting that Patronin becomes enriched at the dorso-ventral boundaries as the embryo develops and cells elongate. Additionally, when comparing boundaries in cells with similar eccentricities (Stage 15 embryos only), the intensity of Patronin-YFP was decreasing with the border angle relatively to anteriorposterior axis of the embryo (Fig. 5D ). Several lines of evidence support that the observed enrichment of Patronin-YFP at the dorso-ventral boundaries is due to the asymmetry of cell-cell adhesion in these cells. Indeed, micro- tubule minus-ends were shown to be tethered by cell-cell adhesion in some epithelial cells [38] . At the same time, E-cadherin, the key component of cell-cell adhesion in Drosophila embryonic epidermis, is asymmetrically distributed in stage 15 embryos [14] , with an enrichment at the dorsal-ventral borders similar to that of Patronin. Finally, asymmetries of both Patronin and E-cadherin progressively increase from stage 12 to 15 of Drosophila embryonic development ( Fig. 5C and N.A.B . personal communication).
To use this in our analytical model, we used leastsquares to simultaneously fit the asymmetry data with a linear function of eccentricity, and the normalized intensity of Patronin-YFP with an exponential function of the cell border angle. We imposed a constraint that the asymmetry value at eccentricity 0.98 (Stage 15) is the same as the normalized intensity of Patronin-YFP at the dorso-ventral border (border angle 0 o ). The resulting formula used in the analytical model is A(ecc, ) = 1 + C 1 ecc 0.7 0.98 0.7
where is the cell border angle with respect to the horizontal, C 1 = 0.4144 and C 2 = 0.0231.
Next, we determined the average cell shape. In the tissue, each cell has a unique shape, and cells with the same eccentricities may di↵er significantly in their geometry. Therefore, to test and validate the analytical solution of microtubule self-organization we have generated masks of epithelial cells in the Drosophila embryonic epidermis, which provided us with coordinates of cell boundaries (see Appendix G).Dividing all cell shapes into groups by eccentricity, we computed the average cell shape for each group as follows. First, the cells were re-centered to have their centers of mass at the origin. We then rotated them so that they are elongated along the vertical axis (the direction of elongation is the first singular vector, see Appendix G). Finally, we rescaled all the cells to have unit area. The average of distance from the center of mass in a particular direction to the cell boundary traced the boundary of the averaged cell. Surprisingly, we found that the average cell shape for a given cell eccentricity is an ellipse (Fig. 6 ).
The analytical microtubule angle distribution Eq.9 computed on an averaged cell shape using the experimental minus-end density Eq.13 gives surprising agreement with experimental in vivo data (Fig. 6 ). This agreement is better for the case of asymmetric minus-end distribution, comparing to the uniform one, which supports our prediction that the minus-end distribution does indeed influence the microtubule self-organization.
III. DISCUSSION
Here we present several novel findings describing the fundamental rules underlying self-organization of microtubule networks in epithelial cells. Firstly, we have shown robustness of microtubule self-organization both in silico and in vivo; secondly, in addition to the known importance of cell shape to microtubule organization [17] , our minimal analytical model predicted the importance of the asymmetric minus-end distribution as the only other impactful parameter, which we then confirmed in vivo in Drosophila epidermal cell; and finally, that the origin of robustness is the intrinsic separation of time-scales of microtubule dynamic instability.
A. Robustness
Biologically, the discovered robustness of microtubule organization makes perfect sense, given the fundamental importance of microtubule functions in a cell. Most of the intracellular tra cking events require microtubules for the delivery of various cellular components to their relevant biological locations by motor proteins [39, 40] . This process must be reliable, as mislocalization of cellular components leads to cell death or disease [41] [42] [43] . However, the delivery mechanism is highly stochastic, given the nature of the microtubule dynamic instability and the dynamics of molecular motors [44] [45] [46] . We suggest that the overall organization of the microtubule network is likely to guide the net outcomes of intracellular trafficking while minimizing the impacts of stochastic e↵ects.
Indeed, our mathematical model shows that while the dynamics is stochastic, the dependence of the microtubule self-organization only on the slowly evolving parameters, such as the cell shape and the density of the minus-ends on the cell boundary, makes the average behavior of the system deterministic on long time-scales. Averaging the cell shape over the cells of the same eccentricity brings us to the tissue level: while most of the cells of given eccentricity in biological tissues are polygons, we found that the average cell shape of a particular eccentricity in the tissue is an ellipse. This suggests that though there might be di↵erences in microtubule organization in individual cells at a given point in time, on the tissue scale the average shape and hence microtubule organization is robust.
One of the findings of our analytical model is that the robustness of microtubule self-organization exists only as long as the microtubule dynamics exhibits a separation of time-scales, ↵ 0 , 0 ⌧ ↵, , a rule which is observed in all published data about microtubule dynamic parameters [14, 31, [47] [48] [49] [50] [51] [52] [53] Our mathematical model shows that if this rule is not observed, the microtubule organization becomes sensitive to changes in these rates. As these rates depend on multiple internal and external factors, such as stochastic changes in gene expression and environment temperature, the microtubule organization would be unpredictable at any certain time in a cell in a biological tissue. Therefore, breaking this rule will impair cellular function over time, which suggests that any mutations that led to such change were likely to cause cell lethality and did not fix in evolution.
B. Hairyball distribution
We demonstrated that the microtubule angle distribution is accurately predicted by the hairyball distribution. This excellent agreement with the experimental data remains an open question, as we were unable to show that hairyball has any relation to the analytical distribution, neither as an approximation nor as a limiting case. We suggest that its best use is as a simple ad-hoc formula to parameterize the microtubule angle distribution in cells up to eccentricity 0.95 in investigating, for example, correlations and interdependencies between the microtubule network organization (its statistical properties, e.g. the overall direction and spread) and dynamic intracellular processes, e.g. signaling and transport.
C. The importance of microtubule-microtubule interactions
While we show that the microtubule self-organization does not depend on the interaction of microtubules, we admit that this is true for the measure of self-organization being the time-averaged microtubule angle distribution. When using this measure, such e↵ects of microtubulemicrotubule interactions as zipping and bundling disappear due to the time-averaging of the dynamics. From the biological point of view, what matters for the organism is the long-term behavior, because most of the processes such as microtubule-based transport occur at much longer time scales than microtubule network rearrangements [14, 54, 55] . Therefore, while bundling and zipping are aspects of the short-term behavior, we hypothesize that it is the averaged microtubule angle distribution, which a↵ects the tissue behavior on the long time-scale, with the long term behavior being more important than snapshots. However, we hypothesize, that such e↵ects as bundling and zipping will a↵ect short-term intracellular transport. For example, the presence of Spastin, the microtubule severing protein, leads to a change in the delivery of the E-cadherin, the protein responsible for the cell-cell adhesion which is delivered along the microtubule network [14] . A more detailed modeling approach that includes the e↵ect of microtubule-microtubule interaction on intracellular transport is outside the scope of this article, and will be considered in a separate publication.
D. Our system is a particular but generalizable scenario
We suggest that our findings are applicable beyond apical microtubules in the Drosophila embryonic epidermis, the dynamics of which is quasi-2d. Previously we have demonstrated that a similar relationship between microtubule organization and cell shape is observed in other Drosophila epithelia, including cells in pupal wings and ovaries [17] . These are only two of the examples where our findings are likely to hold true. There are multiple other instances, whereupon maturing and differentiating epithelial cells develop an apical microtubule meshwork, including cells of mammalian airways, and even cells in culture [16, 56, 57] . Furthermore, the same rules are likely to apply to squamous cells, where despite having specialized apical microtubules, the cells' depth is so small, that microtubules are constrained within a thin plane similar to that in our experimental model [58, 59] . The validation of our findings in other cell types and other evolutionary divergent organisms, as well as how the discovered robustness of microtubule selforganization ensures reliability of intracellular transport are important questions for future research.
(0.01, 0.1, 0.2, 0.3). We imposed microtubules zipping along a cell boundary undergo catastrophe upon reaching the tip of the ellipse. This mirrors the scenario in vivo that due to the high sti↵ness [60] , microtubules undergo catastrophe upon reaching an acute cell corner (Fig. 1A) . All the simulations were run to the non-dimensional time T = 10, which corresponds to 550 sec. At the start of each experiment all the microtubule lengths were set to zero. We binned the microtubule angles with respect to the horizontal in 180 one-degree bins, and averaged these histograms in the last 2.5 non-dimensional time-units, which corresponds to 250 points. The in silico model is available from the authors upon request.
We used the same workflow as described in the [17] . In short, E-cadherin signal from a max intensity projection was used to obtain cell outlines using Packing Analyser V 2.0 software [62] . These cell outlines were used to identify each cell as an individual object and fit it to an ellipse to calculate eccentricity and the direction of the ellipse major axis using a script in MAT-LAB R2017b (Mathworks, www.mathworks.co.uk). The ↵-Tubulin signal within each cell was filtered using the cell outline as a mask, and the magnitude of the signal according to its direction analyzed by convolving the filtered ↵-Tubulin signal with two 5 ⇥ 5 Sobel operators [17] . The resulting magnitude gradient and direction gradient were integrated into a matrix to assign each pixel a direction and magnitude of change in the intensity of ↵-Tubulin signal. To reduce the noise, the pixels with the magnitude less than 22% of the maximum change were discarded. The remaining pixels were binned with respect to their direction gradient (bin size= 4 degrees). The resulting histogram was normalized. The script is available at https://github.com/nbul/Cytoskeleton.
To calculate the area of ↵-Tubulin signal within each cell, a custom-made MATLAB script was used. The average projected images were adjusted such that 0.5% of the data with lowest intensities were set to black and the 0.5% of the data with highest intensities were set to white in order to compare datasets across genotypes and compensate for potential variability of antibody staining and laser power. The threshold was then calculated using Otsu's method, and a binary image was created using the calculated threshold multiplied by 0.7. This multiplication parameter was determined empirically by testing images from di↵erent experiments. Finally, the percent of pixels above threshold was calculated for each cell. The script is available at https://github.com/nbul/Cytoskeleton. 
